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Let R=C[x1,..., x|, I = (x5, ...,x"), L=x1+ -+ x, and A= R/I.
Then the multiplication maps

XLj : A,' = A,'+j

have full rank for every i, .

If the statement holds for an ideal /, j = 1 and a general linear form L, we
say A has the weak Lefschetz property (WLP)
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(Watanabe, 1987) Failure of SLP is a Zariski-closed condition, in
particular, most Gorenstein algebras satisfy the SLP.

(Reid—Roberts—Roitman, 1991) Let A= R// where | is a complete
intersection. Does it always satisfy the WLP/SLP?

(Migliore-Mir6-Roig, 2003) Let n = dim R. What is the smallest
integer A(n) such that every ideal generated by at most A(n) elements
defines an algebra with the SLP?

(Migliore-Mir6-Roig, 2003) Does A(n) even exist? Is A(n) =2n — 27
(Brenner—Kaid, 2007) | = (x3, 3, z3, xyz) defines an algebra failing
the WLP, so either A(3) = 3, or it does not exist
(Migliore-Mir6-Roig—Nagel, 2011) For every n, either A(n) does not
exist, or A(n) = n.

In the same paper, they showed that L = x; + - - - + x,, is enough to
check the WLP/SLP of monomial algebras
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different interpretation /intuition for the property.
© In algebra, the WLP is often useful as a tool to prove other
statements, and is studied on its own
@ In geometry, the failure of WLP is often associated to interesting
geometric behavior (Togliatti systems, Perazzo forms, and many more)

© In combinatorics, proving an algebra has the WLP is an algebraic
interpretation of inequalities that certain sequences must satisfy.
These inequalities are often unknown before the WLP is shown
(g-theorems, Kahler packages, and many more)
If the motto in geometry is that “algebras fail the
WLP for a reason”, then what is the combinatorial
meaning of failure of WLP?
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@ Should the failure of WLP be expected in a

combinatorial setting?

@ What is the unexpected combinatorial behavior
explained by failure of WLP?

spoilers: 1) most likely yes, 2) an example is an analogue of the bipartite
property
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Question 1: maybe we shouldn’t expect failure

During the Lefschetz meeting in 2023, Nagel asked the following question:
(Nagel, 2023)

Given a probability space P of monomial algebras, what is the probability
that an algebra fails the WLP?

“Although the WLP appears to be present with
high probability most of the time, we propose in
Conjecture 3.9 that there is one scenario where
the produced algebras fail to have the WLP with
hlgh probability” (Nagel-Petrovi¢, 2024)
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Theorem (H, 2026)

Let A be a simplicial complex of dimension d > 0. If Hy(A;K) # 0 and
fy_1 > fy, then the algebra

Klxi, ..., xn)
/A+( d+27‘ Xd+2)
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fails the WLP

When A is the boundary of a simplex, we recover the original statement
that monomial almost complete intersections fail the WLP
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Given a set of vertices [n], a random graph can be obtained by flipping a
biased coin (parameter = p) to decide whether the edge goes in the graph
or not.

This can be generalized to simplicial complexes by flipping a coin for every
subset A C [n] of size d for some d, and assuming the complex already
contains B whenever |B| <d —1

Theorem (H, 2026)

For every d, there exists a real number cq < d + 1 such that if p = in
the model above for some cy < ¢ < d + 1, then

d+-2 d+2
n—00 Ia+ (720 x5 %)

lim P <A: L8PS0 00975 fails the WLP) —1

The proof is showing the assumptions on the previous theorem are very
mild in a very concrete sense
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Conjecture: “Everything fails!"

Let t(d, n) be the number of artinian monomial algebras A of codimension
n such that xf = --- = x? = 0in A, and w(d, n) be the subset of these
algebras failing the WLP. Then for every n > 3 and every d > 2

. w(d,n) . w(d,n)
im, t(d,n) and dll—>moo t(d,n)
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If “everything fails”, then what does failure mean?

Inverse systems

Let R = K[x1,...,xn], S = K[yi,...,yn] and assume R acts on S via
contraction, which is defined linearly from the definition on monomials:

b1—a1 bn—an ; . . ;
2 s by by W1 B 7 if a; <b;j forall i
Xgtooxproyt Lyt = _
0 otherwise

For an R-module M C S, the inverse system of M is the set

Ann(M)={feR : fom=0 forall me M}.

@ M is finite if and only if / = Ann(M) is artinian

@ M is cyclic if and only if / = Ann(M) is artinian Gorenstein. A
generator F of M is then called the Macaulay dual of /



Question 2: An unexpected intuition

Definition (Cook—Harbourne—Migliore-Nagel, 2018)

Let X C IP" be a finite set of points. We say X admits an unexpected
hypersurface of degree d with a general point P of multiplicity m if

-1
dim (Ix N /g") 4 > max (O,dim(lx)d— (m+: ))

Theorem (Cook—Harbourne-Migliore-Nagel, 2018)

A set of points in P? admits an unexpected curve if and only if a certain
algebra fails the SLP in a specific degree.

The intuition for this equivalence is to look at inverse systems and a result
of Emsalem-larrobino



Question 2: What is the transpose of multiplication?

Lemma (H, 2026)

Let L=x3+ -+ x, and A= R/I, where | is a monomial ideal. Then,
after possibly deleting rows and columns, the matrix representing the

multiplication map
><LT : A,' — A,'_l

is the same as the matrix representing the map

ol:S5 ;i — 5 i11

We can now use inverse systems as a way to try
to find weird phenomena that explains failure of

WLP! An element in the kernel of xLT is an
element f such that / + L C Ann(f)
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elements fi, ..., fs is an a-unexpected system of parameters of A if
Q@A=L
Q@ f1,...,fs is a system of parameters of /p

Q x? € lp+(f,...,f) for every i
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Let /o be a square-free Gorenstein* monomial ideal. A sequence of

elements fi, ..., fs is an a-unexpected system of parameters of A if
Q@A=L
Q@ f1,...,fs is a system of parameters of /p

Q x?clp+(f,...,1f) for every i

Theorem (H, 2026)
If A admits an a-unexpected sop, then the algebra

R
/A-f-(Xf,...,Xﬁ)

fails the WLP.

A




Question 2: Failing for a reason

Assume A is a triangulation of a d-dimensional sphere. We say A is
balanced if we can color the graph of A using d + 1 colors.

Theorem (H, 2026)

@ A admits a 2-unexpected sop if and only if A is balanced.

@ the only 2-unexpected sops that A admits arise from the colorings of
the graph of A using d + 1 colors
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fa = x5 + xg.

| A\

Q fi,...,f;is a 2-unexpected sop of A
R

In+(x2,...,x¢)
polynomial F = (x1 — x2)(x3 — xa)(x5 — Xg)

Q Ann(F) = IA-f-(fl,...,ﬁ;)

@ the algebra fails the WLP because of the
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Check out the papers




